We evaluate the three-loop matching conditions for the dimension-five operators that are relevant for the b → sγ decay. Our calculation completes the first out of three steps (matching, mixing and matrix elements) that are necessary for finding the next-to-next-to-leading QCD corrections to this process. All such corrections must be calculated in view of the ongoing accurate measurements of theB → X s γ branching ratio.
Introduction
The inclusive weak radiativeB-meson decay is known to be a sensitive probe of new physics. Its branching ratio has been measured by CLEO [1] , ALEPH [2] , BELLE [3] and BABAR [4] . The experimental world average [5] BR[B → X s γ, (E γ > agrees with the Standard Model (SM) predictions [6, 7] BR[B → X s γ, (E γ > 1. As pointed out more than two years ago [6] , the main theoretical uncertainty in the SM prediction for BR[B → X s γ] originates from the perturbative calculation of the b → sγ amplitude. It is manifest when one considers the charm-quark mass renormalization ambiguity [6] in the two-loop, Next-to-Leading Order (NLO) QCD corrections to this amplitude [7, 8] . The only method for removing this ambiguity is calculating the three-loop, Next-to-Next-to-Leading Order (NNLO) QCD corrections. A sample NNLO diagram is shown in Fig. 1 . The matching conditions and the matrix elements yield a renormalization-scheme independent contribution to the amplitude only after combining them together. Thus, both of them need to be evaluated to the NNLO. It is impossible to remove the charm-quark mass ambiguity by calculating the matrix elements only, even though the matching conditions are m c -independent.
In this paper, we present our calculation of the three-loop matching conditions for the dipole operators (s L σ µν b R )F µν and (s L σ µν T a b R )G a µν . All the other matching conditions that are relevant for b → sγ at the NNLO originate from two-loop diagrams only, and were calculated several years ago [9] . Thus, our work completes the first (matching) step of the full O(α 2 s ) analysis of the considered process.
The long history of the lower-order (O (1) and O(α s )) analyses has been summarized in Ref. [10] . As far as the NNLO calculations are concerned, fermion-loop contributions to the three-loop matrix element of the current-current operator (sc) V −A (cb) V −A are already known [11] . Three-loop anomalous dimensions of all the four-quark operators will soon be published [12] . Work at the remaining anomalous dimensions and matrix elements is in progress.
In our present three-loop matching computation, we follow the procedure outlined in Ref. [9] . All the necessary diagrams are evaluated off-shell, after expanding them in external momenta. The spurious infrared divergences generated by the expansion are regulated dimensionally. They cancel out in the matching equation, i.e. in the difference between the full SM and the effective theory off-shell amplitudes.
The scalar three-loop integrals are evaluated with the help of the package MATAD [13] designed for calculating vacuum diagrams. The fact that MATAD can deal with a single non-vanishing mass only is not an obstacle against taking into account the actually different masses of the W boson and the top quark. Expansions starting from m t = M W and m t ≫ M W allow us to accurately determine the three-loop matching conditions for the physical values of m t and M W .
Our paper is organized as follows. In Section 2, we introduce the effective theory and give all the necessary renormalization constants. In Section 3, the unrenormalized one-, two-and three-loop SM amplitudes for b → sγ and b → sg are presented. Section 4 is devoted to a discussion of the SM counterterms. The matching procedure is described in Section 5. Explicit expressions for the resulting Wilson coefficients are given in Section 6. We conclude in Section 7. Appendix A contains exact expressions for the coefficients of the expansions in ( 
The effective theory
Since our approach follows Ref. [9] very closely, we shall not repeat all the details given there. While the present article is self-contained as far as the notation is concerned, Sections 2 and 5 of Ref. [9] are referred to for pedagogical explanations.
The effective theory that we consider arises from the SM after decoupling of the heavy electroweak bosons and the top quark. Its off-shell Lagrangian reads
where G F is the Fermi constant and V stands for the Cabibbo-Kobayashi-Maskawa (CKM) matrix. The operators P j can be found in Eqs. (2), (73) and (101) of Ref. [9] . 1 The ones that are relevant for our present matching computation read
(qγ µ T a q),
Their Wilson coefficients can be perturbatively expanded as follows
where α s = α s /(4π) = g 2 /(4π) 2 and C Q(n) originate from n-loop matching conditions. We neglect the O(α em ) corrections to the r.h.s. of the above equation as well as additional operators that arise at higher orders in the electroweak interactions.
The goal of the present paper is finding C Q(3) 7
and C
Q(3) 8
at the renormalization scale µ 0 ∼ (m t or M W ). As we shall see, it is convenient to consider different scales µ 0 for Q = c and Q = t. This is the reason why we refrain from applying unitarity of the CKM matrix throughout the paper.
The renormalization constants Z ij that enter Eq. (2.1) are all known to sufficiently high orders from previous calculations [14, 15] . The ones that are necessary here read (in the MS scheme with D = 4 − 2ǫ) Their overall signs correspond to the following sign convention inside the covariant derivative acting on a quark field ψ:
1 For simplicity, we set V ub to zero here, which makes irrelevant the operators P u j from Ref. [9] . The operators P c j from that paper are denoted by P j here. Our final results are insensitive to whether V ub vanishes or not.
For completeness, one should also mention the MS renormalization constant for the QCD gauge coupling in the five-flavour effective theory (g bare = Z g g)
(2.6) Following Ref. [9] , we ignore the quark-mass and wave-function renormalization constants in the effective theory 2 because their effects cancel anyway in the matching condition with analogous contributions on the full SM side. Only the top-quark contributions to these renormalization constants will be included in the SM counterterms (see Section 4) .
The coefficients C ,
In the following, the MS-renormalized top-quark mass m t (µ 0 ) will often be denoted by just m t . For our present purpose, C Q(1)
7,8 are needed up to O(ǫ 2 ) and O(ǫ), respectively. In practice, this implies a necessity or repeating the one-and two-loop matching computations for these coefficients from scratch. We shall describe this calculation together with the three-loop one in the following three sections.
One-loop 1PI diagrams for b → sγ in the SM. There is no W ± φ ∓ γ coupling in the background field gauge.
The unrenormalized SM amplitudes
We have to consider all the one-, two-and three-loop one-particle-irreducible (1PI) diagrams contributing to the processes b → sγ and b → sg. The one-loop b → sγ diagrams are shown in Fig. 2 . Higher-order diagrams are found by adding internal gluons together with loop corrections on their propagators.
We use the 't Hooft-Feynman version of the background field gauge for the electroweak interactions and QCD. Before performing the loop integration, the Feynman integrands are Taylor-expanded up to second order in the (off-shell) external momenta, and to the first order in the b-quark mass. Thus, effectively, the only massive particles in our calculation are the top quark, the W boson and the charged pseudogoldstone scalar φ. The amputated 1PI b → sγ Green function can be cast into the following form:
with
3)
where γ is the Euler constant. The symbols S j stand for different Dirac structures that depend on the incoming b-quark momentum p and on the outgoing photon momentum k
The first two terms in the expansion of Y c j (3.2) are x-independent, but the third (three-loop) and higher terms do depend on x.
By analogy, the b → sg Green function reads
As shown in Refs. [9, 16] , only the following linear combinations of Y Q(n) j and G Q(n) j are sufficient for finding the coefficients C 7 (µ 0 ) and C 8 (µ 0 ):
The calculation of C Q (2) k,bare up to O(ǫ) requires supplementing Eqs. (57) and (58) of Ref.
[9] by higher orders in ǫ, which yields
for the generic two-loop integral , N = n 1 + n 2 + n 3 and (a) n = Γ(a + n)/Γ(n). Otherwise, the calculation proceeds precisely as described in Section 5 of that paper. The unrenormalized one-and twoloop results read 
where
In addition to the bare coefficients, we shall also need those parts of C t (1) i,bare that originate from the m b -dependent Dirac structure S 10 , as they play a separate role when m b gets renormalized. They read Let us now turn to the main purpose of our paper, i.e. to the three-loop calculation. One of the O(10 3 ) diagrams that we have calculated at this level is shown in Fig. 1 . Obviously, when the virtual top quark is present in the open fermion line, we have to deal with three-loop vacuum integrals involving two mass scales, m t and M W . However, such double-scale integrals are encountered in the charm-quark sector, too, when closed top-quark loops arise on the virtual gluon lines.
At present, complete three-loop algorithms exist for vacuum integrals involving only a single mass scale. We have reduced our calculation to such integrals by performing expansions around the point m t = M W and for m t ≫ M W . In the latter case, the method of asymptotic expansions of Feynman integrals has been applied [17] . At the physical point where M W /m t ≈ 0.5, both expansions work reasonably well (see Section 6) .
Two different approaches have been used for the calculation of the three-loop diagrams. The first one is based on a completely automated set-up where the diagrams are generated by QGRAF [18] , further processed with q2e [19] and exp [20] , and finally evaluated and expanded in ǫ with the help of the package MATAD [13] written in Form [21] . MATAD is designed to compute single-scale vacuum integrals up to three loops. The individual packages work hand in hand, and thus no additional manipulation from outside is necessary. Moreover, all the auxiliary files, e.g. make-files to control the calculation or files to sum the individual diagrams, are generated automatically.
The program exp is designed to automatically apply the rules of asymptotic expansions in the limit of large external momenta or masses. Thus, its output crucially depends on the limit we consider. For the expansion around m t = M W , the asymptotic expansion reduces to the usual Taylor expansion in powers of w ≡ (1 − M An important element of the calculation are the so-called projection operations that pick only the two Dirac structures we need (see Eqs. (3.8) and (3.9)), and thus bypass the time-consuming tensor algebra.
Using this method, we evaluated the expansions in z and w up to orders z 4 and w 6 , respectively. Furthermore, it was possible to compute the first few expansion terms for general gauge parameter ξ, in order to check that it drops out in the sum of all bare three-loop diagrams. This imposes a strong check on the correctness of our results.
In the second approach, MATAD was also used for three-loop scalar integrals involving a single mass scale. However, the diagrams were generated using FeynArts [22] . The remaining part of the calculation was performed with the help of self-written programs, largely overlapping with those used several years ago for the calculation of three-loop anomalous dimension matrices [14] . No projection operations were used, and all the Dirac structures (except for the ones quadratic in k) appeared in the results, which allowed for performing several consistency checks. This approach was obviously much slower, and was finally brought through thanks to the use of the Z-Box computer 4 at the University of Zürich. Only the expansion around m t = M W (up to w 8 ) was calculated using this method.
Although our results for the three-loop diagrams are known in terms of expansions only, we are able to determine the exact x-dependence of their pole parts by using the matching equation discussed in Section 5. Of course, we have verified that these pole parts have precisely the same expansions in z and w as found from the direct calculation up to z
where the pole parts in the top sector read
For the UV-and IR-finite functions f Q k (x), we write the expansions as follows:
The values of a 
The SM counterterms
The renormalization scheme that we apply on the SM side is chosen in such a way that values of the renormalized α s , the light-quark wave-functions and masses overlap with their MS counterparts in the five-flavour effective theory. Thus, α s means α
s (µ 0 ) throughout the paper. The one-loop renormalization constant of the QCD gauge coupling in the SM reads (cf. Eq. (2.6))
Here, N ǫ parametrizes the one-loop threshold correction that arises in the relation between α (6) s and α
s , i.e. when the top quark is decoupled from α s . A collection of explicit expressions for such corrections (also called "decoupling constants") up to three loops can be found in Ref. [23] . The value
is found (exactly in ǫ) from the requirement that the top-quark loop contribution to the off-shell background gluon propagator with momentum q is renormalized away, up to effects of order q 2 /m 2 t that match onto higher-dimensional operators in the effective theory. The same requirement applied to the light-quark propagators at two loops leads to the following expressions for the renormalization constants of their wave-functions and masses (ψ bare = Z ψ ψ, m bare = Z m m) In our calculation, the latter renormalization constant matters for the b-quark only, because we include linear terms in m b , while all the other light particles are treated as massless. The differences ∆Z ψ and ∆Z m are everything we need to know about the renormalization of the light-quark wave functions and masses. Since the wave-function renormalization matters for external fields only, the remaining parts of the considered renormalization constants cancel out in the matching equation, i.e. in the difference between the full SM and the effective theory off-shell amplitudes. It is worth noticing that since ∆Z ψ and ∆Z m arise at O( α 2 s ) only, they had no effect on the two-loop matching computation in Ref. [9] .
As far as the top-quark mass is concerned, we renormalize it in the MS scheme, at the scale µ 0 , in the six-flavour QCD. The corresponding renormalization constant, when expressed in terms of α s ≡ α (5) s (µ 0 ), takes the following form (exactly in ǫ)
Two more QCD renormalization constants need to be thought about in the context of our calculation. The first of them is the external gluon wave-function renormalization constant in the b → sg case. In the background field gauge, it just cancels with the renormalization of the gauge coupling in the vertex where the external gluon is emitted. 5 The second one is the renormalization constant of the QCD gauge-fixing parameter ξ. It plays no role either, because C Q (2) 7,bare and C
Q(2)
8,bare are ξ-independent. 6 Last but not least, one needs to consider possible electroweak counterterms. Since we work at the leading order in the electroweak interactions, the only electroweak counterterms that may matter for us must have thesb flavour content. Their dimensionality cannot exceed 4, and they must be invariant under the QCD and QED gauge transformations. These conditions leave out only two possible electroweak counterterms:sD / b andsb. They originate from the flavour-off-diagonal renormalization of the quark wave-functions and Yukawa matrices. Since we refrain from applying unitarity of the CKM matrix (but set V ub to zero), we write the corresponding electroweak counterterm Lagrangian as follows:
with the factors A c and A t that have been defined below Eq. 
Higher-order (in α s ) contributions to Z Q 2,sb and Z Q 0,sb are irrelevant to us, because the counterterms (4.6) affect our calculation only when inserted into two-loop diagrams containing top-quark loops on the gluon lines. Otherwise, the loop integrals vanish in dimensional regularization after expanding them in external momenta, because all the propagator denominators are massless. As far as the tree-level diagrams are concerned, they give no contribution to the relevant structures S 2 and S 10 in Eq. (3.4). 5 In the usual (non-background) 't Hooft-Feynman gauge, we would need to introduce, by analogy to Eqs. 
Matching
We are now ready to write down the matching equation that follows from the requirement of equality of the effective theory and the full SM amputated 1PI Green functions. The former ones originate from tree-level diagrams only, because all the loop integrals with massless denominators vanish in dimensional regularization, after expanding them in external momenta.
For the coefficients C Q i (i = 7, 8), the matching equation up to three loops takes the following form: 
The explicit factors of ǫ in the above equation are due to the fact that A t depends on m t , too. The quantities K i and R i on the r.h.s. of Eq. (5.1) originate from two-loop b → sγ and b → sg diagrams with insertions of the electroweak counterterm (4.6) and with closed top-quark loops on the gluon lines. We find
It is interesting to notice that the m bs b counterterm from Eq. (4.6) is irrelevant for C t(3) 7
(because R 7 = O(ǫ 2 )) and for the charm sector (because Z + O(ǫ), (6.11) As far as the three-loop quantities C c(3)
7 (µ 0 = m t ) and C
t(3)
8 (µ 0 = m t ) are concerned, the matching calculation described in the previous sections gives us expressions for their expansions at x → 1 and x → ∞. Denoting, as before, z = 1/x and w = 1 − z, we find Comparing the three curves in the one-and two-loop cases (the two upper plots in both figures), one can conclude that a combination of the two expansions at hand gives a good determination of the studied coefficients in the whole considered range of y. However, the expansion starting from y = 1 works somewhat better for the physical values of m t and M W . Most probably, including more terms in the the large m t expansion could improve its behaviour around y = 0.5.
Although we do not know the exact curves in the three-loop case, the same pattern seems to repeat. In fact, the charm-sector expansions perfectly overlap in the physical region. In the top sector, one can (conservatively) conclude that
7 (µ 0 = m t ) = 12.05 ± 0.05, (6.21) 22) which is perfectly accurate for any phenomenological application. Let us note that a change of C t (3) 7 (µ 0 = m t ) from 12 to 13 would affect the b → sγ decay width by only 0.02%, while a similar variation of C t (3) 8 (µ 0 = m t ) would cause even a smaller effect. For the three-loop charm-sector coefficients, the uncertainty from the expansions is smaller than the one from the experimental error in m t . Thus, one can safely use Eqs. (6.13)-(6.16) as they stand, without any additional uncertainty. Accurate values in the range 0.4 < y < 0.6 can also be found from the following fits: It is instructive to study the behaviour of the three-loop top-sector coefficients in a plot where subsequent terms of our expansions are successively taken into account. This is shown in Fig. 5 . The quality of the two expansions in various regions of y is transparent there. Figs. 3 and 4) . The dashed and dot-dashed lines show the lower orders.
Conclusions
The three-loop matching conditions found in the present paper complete the first out of three steps (matching, mixing and matrix elements) that are necessary for finding the NNLO QCD corrections toB → X s γ. The effect of the NNLO matching alone is scheme-and scaledependent. In the MS scheme with M W < µ 0 < m t , it stays within 2% of the decay width, i.e. it is significantly smaller than the total higher-order perturbative uncertainty that was estimated in Ref. [6] . This uncertainty is expected to get significantly suppressed in the near future, after the remaining two steps of the NNLO calculation are performed.
The methods that we have applied in the present work are, in principle, applicable to any three-loop matching computation involving several different mass scales. A detailed description that we have presented for each step of our procedure can serve as a guideline for treating similar problems in various domains of particle phenomenology. 
